Carli, Inc.
home@fenestration.com

18 Tanglewood Rd. TEL: (413) 256-4647
Amherst, MA 01002 FAX: (413) 256-4823 http://www.fenestration.com

Conra al and Programming
tion

5_'“!".'

June 20, 2006

Carli, Inc. is Your Building Energy Systems and Technology Choice



CONRAD 5 and VIEWER 5 Documentation Page 2

TABLE OF CONTENTS

1. GOVErniNg EQUALIONS. .....uuiiiiiiie e e 5
1.1 INTFOAUCTION ... 5
1.2, Governing EQUAtION .........eeiee e 5
L IPEC TR = To 0 [ g To F= 1 VA @o T Lo 1110 ] 1SR 5

1.3.1 With Defined Temperature (Dirichlet or essential condition) ...................... 6
1.3.2.  With Defined Flux (Neumann or natural condition) ..................eeeeveveeununnnns 6
1.3.3 =T (o] g S - 1 R 6
1.3.3.1.  Convection Boundary Condition ............c.eueiiieeiiiiiiiiiieieee e 6
1.3.3.2.  Radiation Boundary Condition (without enclosure).............cccoceuunneen. 7
1.3.3.3. Material Interface ......cooooeeeeieeeeeeeeee s 7
1.3.3.4.  Condensation Resistance Modeling ..........cccooiiiiiiiiiiiiiiiiiiiieee, 7
a) CoNVECHIVE Part... ... 11

b)  Radiative Part.........ooeeeiei e 12

[1)  Gas (MiXture) Properties..... .o 12

Q)  GAS Properti©s ...coooi i 12

D) GaS MIXIUIES .eeeeeeeieeeeeee e e e e e e 13
1.3.3.5.  Radiation Enclosure Boundary Condition .............cooccoiiiiiieriininnnnns 14
1.3.3.6.  VIEW FACIOIS ..o 15

2. Basic Concepts of the Finite-Element Method ..., 17
2.1.  Definition of the Problem and its Domain.........cccoooeeeiiiiiiieieeeeeeeeeen 18
2.2. Discretization of the DOmMain ........cooeeeeeii e 18
2.3. Identification of State Variables...........uuiiiiiiiiii e 19
2.4. Formulation of the Problem.........cooo oo 19
2.5. Establishing Coordinate SyStEMS .......ccoeiiiiiiiiiiiiiiiiee e 20
2.6. Constructing Approximate Functions for the Elements .........ccccooeeeieiiieeeeeennn. 21
2.7.  LINEar EIEMENIS ... 21

2.7.1.1.  Shape Functions for Master Line..........ccccoiiiiiiiiiiiiieeeeeeen 21
2.7.1.2.  Shape functions for master rectangular element .............cccccvveeeen.n. 22
2.7.1.3.  Shape Functions for Triangular element............cccccceeiiiiniiiiiiiennnen. 22
2.7.1.4.  Shape functions for master 3D rectangular element......................... 24

2.8. QuadratiC EIEmMents .....cccoeeieeeeeeeeeeeeee 24
2.8.1.1.  Shape Functions for Master Line........ccccccoeviiiiiiiiiiiiieiiieiiieeeeenn 24
2.8.1.2.  Shape functions for master rectangular element ...............cccccceeeen. 25
2.8.1.3.  Shape functions for master 3D rectangular quadratic element......... 26

2.9. Obtain Element Matrices and EQUatioNS.............oeiiiiiiiiiiiiiiiee e 28
2.9.1.  Linear Problem ... 28
2.9.2.  Nonlinear ProbIEm ..........ooo i 29
2.10. Coordinate Transformations..........coovviiiiiiiiiiiee e 30
2.10.1. Rectangular Element ...... ..o 30
2.10.2. Lin€ ElemMent....coo oo 32
2.10.2.1. Linear Line ElemMent............uueeemimiiiiiiieiiiiiiiiiieeeieeeeeeeeeeeeeaeeeeeannneees 32
2.10.2.2. Quadratic Line Element .........cccuuiiiiiiiiieee e 32
2.11.  Assembly of Element EQUatiONS.......coooi i 33

Carli, Inc. is Your Building Energy Systems and Technology Choice



CONRAD 5 and VIEWER 5 Documentation Page 3

2.12. Introduction of Boundary Conditions ..........ccuueiiiiiiiiiiiieeeeee e 35
2.12.1. Convection Boundary Condition ...........cccoeiiiiiiiiiiiiieee e 35
2.12.1.1.  Linear ProbIem ..........e e e eannennnnnnes 35
2.12.1.2.  Nonlinear ProbIem ... 36
2.12.2. Flux Boundary Condition.........coouuiiiiiiiiiii it 37
2.12.2.1.  Linear ProbIem ..........e e 37
2.12.2.2. Nonlinear ProbIem .............eeeueiiiiiiiiiiiieeeeeeeeeaeeeennees 37
2.12.3. Radiation Boundary Condition ...........cceeeeriiiiiiiiiiiiieee e 38
2.12.4. Enclosure Radiation Boundary Condition .............cccceoiiiiiiiiiieiinnneennnes 39
2.13.  Solution of the Final Set of Simultaneous Equations...........cccccceeeviinnnnnen. 42
P2 1 T I IR == g V11 1 T o PP 43
2.13.2. Nonlinear Method .........oooiiiiiiiiii e 43
[)  Convergence Crteria.......... et 43
[1)  DivergencCe Criteria......cocueeiiiiiiee et e e e 43
2.14. Interpretation of the ReSUItS ..........eeiiiiiiii 43
2.15. NUumerical INteGration ..............uuuuuieiiiiiiiei e eeeeaeaeaenes 44
3. Additional Algorithms and DesSCrPtioNS...........uieiiiiiiiiiiieieee e 45
3.1, Bandwidth Minimization ........cooooiieiieeeeeee 45
3.2.  Gravity Arrow Algorithm and Frame Cavity Transformations for ISO15099
(O 1 o101 =1 o] o =R 46
K 20 IR [0 (o o [F o3 1 o] o PR 46
3.2.2. Equivalent Gravity ArTOW ........ccoiiuueiiiiieeeeeeeeeiiieeeee e e e e e e e eeaee e e e e e 46
3.2.3.  Summary of Pyramid EQUALIONS ........cccooiiiiiiiiiie e 52
2 T B V{1 RSP 52
[)  POSItIVE DIr€CHON ... e 52
[)  Negative DIreClON .....ccoeiiiiiieeeeeeeeee e 52
S.2.3.2. Y- AXIS ciiteeeeee e e e e e e e e e aaaaaan 52
[)  POSItive DIr€CHON ...ccoeeieieeeeeeeeee e 52
[1)  Negative DIreCON ... 52
S.2.3.3. Z-AXIS e e reaaaaeaas 52
[)  POSItIVE DIr€CHON ..o e 52
[)  Negative DIr€ClON .....ccooiiiiiiiieeeeeeeee e 52
3.2.4. Frame Cavity Presentation and Heat Flow Direction ............cooovvveeeeeeeen. 52
3.3.  “Grid” Algorithm — Used for speed up VIEWET.........cceeeiiiiiiiiiiiiiiieee e 66
K SRS 0 F= Lo (o 111/ o Vo IR ETTT R 70
3.4.1. Calculating Surface Normal .............ooeiiieiiiiiiiee e 70
3.4.2. Self SNAdOWING ..o 70
3.4.3.  Third Surface ShadOWiNg........cciiiuiiiiiiieee e e 75
3.5.  Frame Cavity Rectangularization ... 79
3.5.1.  Rectangularization Algorithm ... 79
3.5.2. Rectangularization of Non Existing Sides Algorithm .............ccccccceiiiiiis 79
4. Description of Conrad SUBIOULINES ......ccooiiiiiiiiiiieee e 80
4.1, RoUting CONRAD ...t e e e e e e e annnees 80
4.2, ROULINE SOLVE..... . e e e e e e e e e e nnneeeees 84
4.3. RoULINE STEADY ..ot e e e e e e e 85
4.4, ROULINE BASIS ... . 88

Carli, Inc. is Your Building Energy Systems and Technology Choice



CONRAD 5 and VIEWER 5 Documentation Page 4

4.5, RoULINE SHAPE ... e e e e et e e naae s 89
4.6. RoOULINE SHAPENV ...t e e e e e e eaaas 89
4.7. RoUtINE FORMEKE ...ttt e e e e e e 90
4.8. RoUtINE BCCONYV ...t e e e e e e e e e e e e e e e e eeanan 94
4.9. ROULINE BOFLUX ...ttt e e e e e e e 97
4.10. RoUTINE BCRADT ...t e e e e e e e aaaaa s 100
4.11. ROULINE RADINZ ... e e e e e e e e eean 102
4.12. RoUtINE BCRADZ ... e e e e e 104
4.13. Routine BCTEMPT ...t e e e e e 107
4.13.1. LiN€ar ProbIem ... 108
4.13.2. Nonlinear ProbIlem ... e e e e 108
4.14. ROULINE VARH ...t e e e eean 109
4.15. RoULINE BANDW ... et e e e e e e e eean 113
4.16. Routing RENUM ... oo et e e eean 114
4.17. Routine IRENUM ..ot e e e e e eeaaaaaas 115
4.18. Routine CALCEFFKT ..eeeeee e e e s 115
4.19. RoUtiNn® CALCEFFK ...t 118
5. Description of Viewer SUDrOULINES ........coouiiiiiiiiiee e 122
5.1, ROULINE SEE ... e e et e e e e eean 122
5.2, ROUNINE INTSEC2 ...ttt e e e e e e e e s 124
T T = o 101 [ L3 C 1 1 N2 125
5.4, ROUNINEG GRID.....coeeeieeeee et e e e e e e 126
5.5, ROUNINE OBSTR ...t e e et e e e e e et e e na e eeas 128
5.6. ROULINE VIEW2D ... ..ottt e e et e e e e eean 130
5.7. Routing GEOMVW ...ttt e e e e e e e e e e e eeaaaanans 134
B.  EXAMPIES .ttt ittt tnnnnnnnnnnnes 135
6.1.  Bandwidth Minimization ... e eea 135
6.2. Assembling to Global Matrix EQuation ...........c.eeveeieiiii i 138
6.3. Speed of View Factors Calculation ... 150
B.3.1.  BO2BMIO4 ... 151
6.3.2.  Trr99 Mr_ManUAl ........ooooiiimiiiiee e 152
6.3.3.  PIMO1_h rf manual .........cccooo o 155
6.3.4.  rrOTSIlL_CI (Cl FUN) <o 157
6.3.5. 199 _Mr_Cl (Cl FUN)..eeeiiiiieee e e e e 159

Carli, Inc. is Your Building Energy Systems and Technology Choice



CONRAD 5 and VIEWER 5 Documentation Page 5

1. Governing Equations

1.1. Introduction

Heat Transfer is a branch of engineering that deals with the transfer of thermal energy
from one point to another within a medium or from one medium to another due to the
occurrence of a temperature difference. Heat transfer may take place in one or more of
its three basic forms: conduction, convection and radiation.

1.2. Governing Equation

The Governing Equation of two-dimensional heat conduction in a two-dimensional
orthotropic medium Q, under the assumption of constant physical properties, is derived
from the general energy equation and is given by the following partial differential
equation:

o°T o°T

(kyy —5+k

nae 2 PR ——)+0(x,y)=0 in Q Eq. 1.2-1

where ki1 and koo are conductivities in the x and y directions, respectively, and Q(x, y) is
the known internal heat generation per unit volume. For a nonhomogeneous conducting
medium, the conductivities kj are functions of position (X, y). For an isotropic medium,
we set ki1=koo=k in equation (Eq. 1.2-1) and obtain the Poisson equation:

o0 or, 9  dT
—(k—)+—k—)+ ,)=0 Eq. 1.2-2
ax( ax) ay( ay) O(x,y) q
9°T 9°T _
ke 5 )+0(x,y)=0 in Q Eq. 1.2-3
For medium without internal heat generation equation (Eqg. 1.2-3) becomes:
0’ T o°T
Ko+ 5 —5)=0 Eq. 1.2-4

1.3. Boundary Conditions

To complete description of the general problem posed in the previous sections, suitable
boundary and initial conditions are required. Boundary Conditions are most easily
understood and described by considering the fluid mechanics separate from other
transport processes. The magnitude of heat flux vector normal to the boundary is given
by Fourier's law:

aT — aT — JT —

+q,+q, =—k(— ,t—=—n, Eq. 1.3-1

There are three types of boundary conditions:
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1.3.1. With Defined Temperature (Dirichlet or essential condition)

This is referring to boundary conditions with defined temperature on boundary surface
as function of time and space:

T=f(tx,y,z) onlt Eq. 1.3-2

where T is temperature on surface, t is time and x, y, z are surface coordinates, or
special case with constant temperature on boundary surface:

T=T,

const

=const. on 't Eq. 1.3-3

1.3.2. With Defined Flux (Neumann or natural condition)

This is referring to boundary conditions with defined flux on boundary surface as
function of time and space:

q;=f(t,x,y,2) onlq Eq. 1.3-4

where g is heat flux on surface, t is time and x, y, z are surface coordinates, or special
case with Constant Flux on boundary surface:

dy = Qeony = const. on T Eq. 1.3-5

there is one special case of this boundary condition known as Adiabatic Boundary
condition defined with following equation:

q9;=9,=0 Eq. 1.3-6

This means that there is no heat flux exchange between adiabatic surface and
surrounding space.
1.3.3. Newton’s Law

This is referring to boundary conditions with defined surrounding space temperature and
defined law of heat flux exchange between surface of the body and that surrounding
space. In most cases this is defined with Newton’s law of convection heat transfer:

q, =*h(T,(t) =T,(1) Eq. 1.3-7

where q, is heat flux on surface, h is heat transfer coefficient, T4(t) is temperature on
body surface and T,(t) is temperature of surrounding space. There are several cases of
boundary conditions which refer on Newton’s Law:

1.3.3.1.  Convection Boundary Condition

Convection boundary condition is defined by following equation:

q.=h.(T,t,x,y,2)*(T -T,) Eq. 1.3-8

where qc is convective heat flux, h; is the convective heat transfer coefficient which, in
general, depends on the location on the boundary (x,y,z), temperature (T) and time (1),

Carli, Inc. is Your Building Energy Systems and Technology Choice
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and T is a reference (or sink) temperature for convective transfer. In most of cases
coefficient hc is constant and in that case equation (Eq. 1.3-8) becomes:

q.=h(T-T) Eq. 1.3-9

1.3.3.2 Radiation Boundary Condition (without enclosure)
Radiation boundary condition (without enclosure) is defined by following equation:
g =eo(T* =T Eq. 1.3-10

where q is radiative part of heat flow, € is boundary emissivity, o is Stefan-Boltzmann
constant and T, is a reference temperature for radiative transfer. Equation (Eq. 1.3-10)
also can be shown in following shape:

q,=h{T,t,x,y,2)*(T -T) Eq. 1.3-11

where h; is the linearized effective radiation heat transfer coefficient calculated by
equation:

h(T,t,x,y,z) =€ (T+T.)NT* +T7) Eq. 1.3-12

Note that this boundary condition is appropriate when a body or surface radiates to a
black body environment that can be characterized by a single temperature.

1.3.3.3. Material Interface

Another condition that is of concern when a material interface between two or more
solid region is the problem of gap or contact resistance. The boundary or interface
conditions in this situation are the usual continuity conditions on temperature and heat
flux since the gap resistance is dictated by property variations. A more mathematical
representation of contact resistance provides that the heat flux across the interface be
described by an internal boundary condition:

=h, (T, .t,xy,2)T, —T,) Eq. 1.3-13

qgap gap \" gap?

where hgyp is an effective heat transfer coefficient for the contact surface, and Tgap is @an
average temperature between Ty and Ts. The subscripts M and S designate the
“master” and “slave” sides of the contact surface, a distinction that is important in the
numerical implementation of this condition.

1.3.3.4. Condensation Resistance Modeling

Heat flux on indoor surfaces of the fenestration systems can also be presented as
convection:

G fonestation = yn (T8, %, ¥, 2, 8as _ properties) * (T, = T,) Eq. 1.3-14

where Qrenestration 1S heat flux through indoor side of fenestration system, hye, is
condensation resistance factor which depend of mean temperature (Tr), time (1),
location on the inside boundary (x,y,z) and gas properties (density, thermal conductivity,

Carli, Inc. is Your Building Energy Systems and Technology Choice
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dynamic viscosity, specific heat), T1 (hot side) and T,(cold side) temperatures of indoor
sides of the fenestration system (Figure 1-1).

The method is based on the use of the variable convective heat transfer coefficients on
the vertical sides of IGU cavity and the simple radiative heat transfer exchange between
the cavity sides.

——

—*

T

T,

warm side
cold side

=

Figure 1-1: IGU of the Fenestration System

There are two criteria for condensation resistance factor calculations which depend of
laminar or turbulent regime of heat flow:

H

Conduction Regime (G P, < SOOT)

H

Boundary Layer Regime (G, P. >500f)

where Gy is Grashoff number and P, is Prandtl number. Grashoff number is calculated
by following equation:

Grl =

gBATL

,UZ

Eq. 1.3-15

Carli, Inc. is Your Building Energy Systems and Technology Choice
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where is g =9.807ﬂ2 (acceleration due to gravity), thermal expansion coefficient
S

B :Ti, AT =|T, - T,|, L is cavity width (Figure 1-1) and v is kinematics viscosity which

m

is equal:

V="— Eq. 1.3-16
P

where p is dynamic viscosity and p is density (gas properties).
Prandtl number is equal:

P = Eq. 1.3-17

rl

where p is dynamic viscosity and temperature conductivity coefficient a is:

k
oa=—

where K is thermal conductivity, p is density and G, is specific heat.

Eq. 1.3-18

In order to calculate condensation resistance, starting and departing corners must be
determined. To determine which corner is starting and which is departing see Figure 1-2
and Figure 1-3:

Starting Corner Departing Corner
T, T,
Departing Corne Starting Corner
Ti<T,

Figure 1-2: Gas (Gas Mixtures) Flow Direction in case T;<T,

Carli, Inc. is Your Building Energy Systems and Technology Choice
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Departing Cornerj Starting Corner
T, T,
Starting Corner Departing Corner
T>T,

Figure 1-3: Gas (Gas Mixtures) Flow Direction in case T,>T,

Lengths of starting and departing corners are determined by following equations:

x, =0.0077 * L*(G,,)"®" Eq. 1.3-19
and
x, =0.00875* L*(G,)"" Eq. 1.3-20

where xs and Xq are length of starting and departing corners (Figure 1-4).

Carli, Inc. is Your Building Energy Systems and Technology Choice
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Departing Corner
]

Xd

Xs

Starting Corner

Figure 1-4: Starting and Departing Regions (Warm Side)

Therefore, in depending of regime, condensation resistance factor in fenestration

system is:

a) Convective Part

i) Conduction Regime G,P. < 500%
- starting corner

0.72 rl

h,=h, = O.256LL(G )P x® 0<x<x

h,=— x, <x<0.1
L

- departing corner

h =h,= 2.58%(@,)’0'1%0'2 0<x<x,
h, _k x, <x<0.1
L

Eq. 1.3-21

Eq. 1.3-22

Eq. 1.3-23

Eq. 1.3-24

Carli, Inc. is Your Building Energy Systems and Technology Choice
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ii) Boundary Layer Regime (G,P. >500%)

- starting corner

0.3
h,=h =0.231%k *%x—o-l(ow -0.6 *ﬁ)” Eq. 1.3-25
- departing corner
0.3 _
h =h,=0231%k *GL(H —x)"'(0.83 - o.6u)” Eq. 1.3-26
o % AL
where A= H
L
b) Radiative Part
h=4—9  s7° Eq. 1.3-27
1 1
(—+—-1
81 82
and finally:
By =h. +h, Eq. 1.3-28

) Gas (Mixture) Properties

Purpose of gas property calculations is to find coefficients of convective/conductive heat
transfer in gas filled space between isothermal solid layers. Gas (mixture) properties are
thermal conductivity, dynamic viscosity, density, specific heat and Prandtl number.

a) Gas Properties
i) Density
The density of fill gases in windows is calculated using the perfect gas law:
pM
= — E " 1.3'29
P RT q
where p is density, p is pressure, M is molecular mass, R is universal gas constant
(=8314,51 ;) and T, is mean gas fill temperature.
kmol * K

ii) ii) Specific heat capacity (Cp), dynamic viscosity (u) and thermal conductivity (k)

The specific heat capacity, Cp, and the transport properties p and k are evaluated using
linear functions of temperature. For example, the viscosity can be expressed as:

H=a+bT, Eq. 1.3-30

Carli, Inc. is Your Building Energy Systems and Technology Choice
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Values of a and b coefficients appropriate for calculating Cp, p and k for a variety of fill
gases are listed in ISO15099 Standard (Annex B).

b) Gas Mixtures

The density, conductivity, viscosity and specific heat of gas mixtures can be calculated
as a function of corresponding properties of individual constituents.

i) Molecular mass
M, =Y xM, Eq. 1.3-31
i=1

where x; is mole fraction of the i gas component in a mixture of n gases.

ii) Density
pM .
=—"% Eq. 1.3-32
P RT q

iii) Specific Heat

= Lom Eq. 1.3-33
pmix ~ Mmix q. .
where:
Cpmix = Z'xic_p,i Eq. 1.3'34
i=1
and molar specific heat of the i gas is:
C,.=C,M, Eq. 1.3-35
iv) Viscosity
_N Hi
,umix = Zn—_x Eq. 1.3-36
Toeen )
=X
J#I
where
u M. !
[+ (D)2 (=) )
u, M,
¢! = L L Eq. 1.3-37
, vl
22 #[1+ =112
M

J

Carli, Inc. is Your Building Energy Systems and Technology Choice
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V) Thermal conductivity
k. =k. +k. Eq. 1.3-38

mix mix

where k is the monatomic thermal conductivity and k- is included to account for
additional energy moved by the diffusional transport of internal energy in polyatomic
gases.

k= ki Eq. 1.3-39
i=1 {1+Zl//l]7

jil

and,
kLomo L
[1+(f’)2(:’)“]2 — — — —
k' M, (M, ~M )M, —0.142M ,)
V., = = *[1+2.41 V ) —] Eq. 1.3-40
2&*[1+<Ai‘j N (M, +M;)

J

and

Z Eq. 1.3-41
. Z

¢

where, the previous expression for ¢, . can also be written as

1+( ) (—]) I’
o = - Eq. 1.3-42
Zﬁ*[l+244 12

J

1.3.3.5. Radiation Enclosure Boundary Condition

Radiant energy exchange between neighboring surfaces of region or between a region
and its surroundings can produce large effects in the overall heat transfer problem.
Thought the radiation effects generally enter the heat transfer problem only thought the
boundary conditions, the coupling is especially strong due to the nonlinear dependence
of the radiation on the surface temperature.

Enclosure or surface-to-surface radiation is limited to diffuse gray, opaque, surfaces.
This assumption implies that all energy emitted or reflected from a surface is diffuse.
Further, surface emissivity €, absorbtivity a, and reflectivity p are independent of
wavelength and direction so that:

M) =aT)=1- p(T) Eq. 1.3-43

Carli, Inc. is Your Building Energy Systems and Technology Choice



CONRAD 5 and VIEWER 5 Documentation Page 15

Each individual area or surface that is considered in the radiation process must be at a
uniform temperature; emitted and reflected energy are uniform over each such surface.
Heat flux through i enclosure (qy) surface is given by following equation:

4, = ‘9;07;4 —o,H, Eq. 1.3-44

where & emissivity of i surface, T; is temperature of i surface, a; is absorbtivity of i"
surface, o is Stefan-Boltzmann constant and H; is irradiation of the surface, and for it"
surface it is equal to:

H, = %(Bi —goT') Eq. 1.3-45
— 8[

where B; is radiosity of the surface “I” and it is equal:

B =¢oT'+(1-¢)) F,B, Eq. 1.3-46
j=1

where F; designates view factor between i"" and j"" surface. Equation (Eq. 1.3-46)
represents a system of n linear algebraic equations which is solved for B;.

1.3.3.6. View Factors

The view factor is defined as the fraction of energy leaving a surface that arrives at a
second surface. For surfaces with finite areas, the view factors are defined by

1 cos g, cos b,
Fk—j :A— j ITdAde/ Eq. 1.3-47

k A A

where S is distance from a point on surface A; to a point on surface A, . The angles 6,

and 6, are measured between the line S and the normal to the surface as shown in
Figure 1-5.

Carli, Inc. is Your Building Energy Systems and Technology Choice
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Surface k
Ay, &, Tx

Surface |
Aj, Sj, Tj

Figure 1-5: Nomenclature for enclosure radiation
From equation (Eq. 1.3-47), following equation is obtained:
AF_,=AF, Eq. 1.3-48

There are several ways to calculate view factors. One of them is “cross-string” rule
which is illustrated in Figure 1-6

o

Iy

-

Figure 1-6: Cross-string rule

Carli, Inc. is Your Building Energy Systems and Technology Choice
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and given by following equation:

Fo=le +ry — (4 1y)
Y 2L,

1

Eq. 1.3-49

When partial, or third shadowing exist, the two radiating surfaces are subdivided into n
finite subsurfaces and contribution to the summation in equation

F; = izn: Fy Eq. 1.3-50
k=1 =1

of those subsurfaces in which ray r, intersects a shadowing surface is excluded (Figure
1-7).

k=1
~ k=2
T~ |
s : I
Blocking Surfale~ ken
———— e
|=1 |=2 _—e— o

— ] ——— —
Lj l=n

Figure 1-7: Third Surface Shadowing

2. Basic Concepts of the Finite-Element Method

Regardless of the physical nature of the problem, a standard finite-element method
primarily involves the following steps:

Definition of the Problem and its Domain
Discretization of the Domain

Identification of State Variable(s)

Formulation of the Problem

Establishing Coordinate Systems

Constructing Approximate Functions for the Elements

N o O s~ b~

Obtain Element Matrices and Equations

Carli, Inc. is Your Building Energy Systems and Technology Choice
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8. Coordinate Transformations

9. Assembly of Element Equations

10.  Introduction of Boundary Conditions

11.  Solution of the Final Set of Simultaneous Equations
12.  Interpretation of the results

2.1. Definition of the Problem and its Domain

In finite element methods, there are primarily three sources of approximation. The first
one is the definition of the domain (physically and geometrically); the other two are the
discretization and solution algorithms. The approximation used in defining the physical
characteristics of different regions. In case of heat transfer through material domain,
governing equations are defined in previous chapter.

2.2. Discretization of the Domain

Since the problem is usually defined over a continuous domain, the governing
equations, with the exception of essential boundary conditions, are valid for entirety of,
as well as for any portion of, that domain. This allows idealization of the domain in the
form of interconnected finite-sized domains (elements) of different size and shape.

In finite-element idealization of the domain, we shall, in general, make reference to the
following elements: finite element Q, and master element<, .

Finite elements are those which, when put together, result in discrete version of the
actual continuous domain. Their geometric approximations are controlled by the number
of nodes utilized at the exterior of the elements to define their shape. The physical

approximations are controlled by the total number of nodes utilized in defining the trial
functions (shape functions) for state variable.

For a moment let us assume that it is possible to systematically generate the
approximation temperature field function for the elementQ, :

T(x,y) =T (x,y) =D . T/Wi(x, ) Eq. 2.2-1

j=1
where T“(x, y) represents an approximation of 7'(x, y) over the element Q,, T, denote
the values of function 7°(x, y) at selected number of points, called element nodes, in
the element Q,, and ¥ (x, y) are the approximation functions associated with the
element.

Master elements are those which are used in place of finite elements in order to
facilitate computations in the element domain. Figure 2-1 illustrates an actual finite

element Q, and corresponding master element &, with associated coordinate axes.
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1 2

Figure 2-1: Demonstration of Coordinate for a Rectangular Finite Element

In general, the master elements are straight lines, right triangles or prisms, squares, and
cubes. They are defined in reference to normalized coordinate axes (¢, n, ¢). The actual
elements can be of any shape and size.

2.3. Identification of State Variables

Until this step, no reference has been made to the physical nature of the problem.
Whether it is a heat-transfer problem, fluid or solid-mechanics problem, etc., comes into
the picture at this stage. The mathematical description of steady-state physical
phenomena, for instance, leads to an elliptic boundary-value problem in which the
formula contains the state variable and the flux. These variables are related to each
other by a constitutive equation representing a mathematical expression of a particular
physical law.

For heat transfer presented in previous chapter (and in Conrad) state variables are
temperatures in element nodes (7) or temperature distribution T(x, y).

2.4. Formulation of the Problem
Vary often a physical problem is formulated either via a set of differential equations:

Lu=f Eq. 2.4-1
with boundary conditions or by an integral equation:

= j G(x,y, z,u)dQ + j g(x,y, z,u)dl Eq. 2.4-2
Q r

where u present state variable(s).
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For heat transfer governing equation (Eq. 1.2-1):

0 or. 9 oT
=k, =)+~ (kyy —)] = Eq. 2.4-3
[ax(“ ax)+ay( » ay)] o q

The weak form of differential equation is weighted-integral statement that is equivalent
to the governing differential equation as well as associated boundary conditions:

0 oT d
0= ———(k, —)— |dxd Eq. 2.4-4
iw[ o) a<zza>Q<xy>xy q

The expression in square brackets of the above equation represents a residual of the
approximation of differential equation and it is called weighted-residual statement of
equation (Eq. 1.2-1).

Note the following identities for any differentiable functionsw(x, y), F,(x,y), and

Fy(x, y):

0w oF, oF, Jdw 0
—(wF)=—F +o— —0—=—F —— (F, Eq. 2.4-5
ax( 2 ox | ox o ox ox | ax( 2 9
0 0w oF oF, Jw 0
L (wF)=22F +0%2 —0=2="2"F - (oF Eq. 2.4-6
dy (@F) dy @ dy or @ dy dy ° dy (@F) 9
and gradient (divergent) theorem:
| %(a)ﬂ)dxdy = § (0F )n.ds Eq. 2.4-7
Q. T,
9 -
| S (@F, )dxdy = § (@F,)n,ds Eq. 2.4-8
o, 9 I,

where n. and n, are the components of unit normal vector. Using equations (Eq.
2.4-5),(Eq. 2.4-6), (Eq. 2.4-7), (Eq. 2.4-8) and (Eq. 2.4-4) with:

F =k, ar and F, =k, ar Eq. 2.4-9
ox dy
we obtain
aw oT aw oT oT
0= I( i gy g, ke gy @Oy - §a)(kll - etk O > n,)ds  Eq.2.4-10

2.5. Establishing Coordinate Systems

There are primarily two reasons for choosing special coordinate axes for elements in
addition to the global axes for entire system. The first is case of constructing the trial
functions for the elements and the second is ease integration over the elements.
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Once the coordinate axes are established, the element equations are ordinarily
computed first in master elementQ . They are then transformed into Q_ and finally into
the global system for assembly.

2.6. Constructing Approximate Functions for the Elements

Once the state variable(s) and the local coordinate system have been chosen, the
functions can be approximated in numerous ways. The reader is reminded that there
are two entities that need to be approximated. The first is physical (the state variable)
and the second is geometrical (the shape of element). The analyst must decide whether
to approximate physics and geometry equally or give preference to one or the other in
various regions of the domain. This leads to the three different categories of elements
with m and n representing the degree of approximation for element shape and state
variable, respectively:

Subparametric (m<n)
Isoparametric (m=n)
Superparametric (m>n)

2.7. Linear Elements

2.7.1.1.  Shape Functions for Master Line
Master line element is shown in Figure 2-2:

2;1\

Figure 2-2: Master Linear Line Element
and shape functions are:

il_Ljt=e Eq. 2.7-1
el 2 1+¢ o
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2.7.1.2.  Shape functions for master rectangular element
Master rectangular element is shown in Figure 2-3:

s
4 1 3
-1 1
I| -
1 1 2

Figure 2-3: Master Linear Rectangular Element
and shape functions for this element are:
Vi A=-&1-m)
72 1 1-
il _1]a+od-m Eq. 2.7-2
gy 4 |A+HA+m)
v, 1-5HA+n)

2.7.1.3.  Shape Functions for Triangular element
The linear interpolation functions in global coordinate system for the three-node
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yA

X
Figure 2-4 : The Linear Triangular Element in Global Coordinates

triangle (see Figure 2-4 ) are (see [3]):

/8 :ﬁ(a’ie+ﬁfx+7fy):Li i=1,23 Eq.2.7-3

where A, is the area of the triangle, and «;, B’ and y’ are geometric constants
known in terms of the nodal coordinates (x;, y,):

O =Xy, = XY
B; =Y~ W Eq. 2.7-4

€

Vi =—(x;—x)

Here the subscripts are such that i # j # k, and /, jand k permute in natural order. Eq.
2.7-3 is used to mapping from global to local coordinate system where L, presents

nodal function in local coordinate system. Inverse mapping is presented by following
equations:

x:ixilﬁ; y:ZYiLi Eq.2.7-5

i=1 i=1

Note also equation for calculating triangle area:

L x y
24, =1 x, Yy, Eq. 2.7-6
L xy oy
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2.7.1.4. Shape functions for master 3D rectangular element
Master 3D rectangular element is shown in Figure 2-5:

(1,11) 5

(-1--1,-1)§5 ~2: (1,-1,-1)

Figure 2-5: Master Linear 3D Rectangular Element
and shape functions are:

v 1-5Hd-ma-7)
7, 1+5HA-m1-7)
s 1+5A+m1-{)
wi| _1]d=g)+mi=¢) Eq.2.7.7
s 1-5Hd-ma+{)

Ve 1+5HA-md+{)
v 1+5A+m1+E)
Vs 1= +md+{)

oo |

2.8. Quadratic Elements

2.8.1.1.  Shape Functions for Master Line
Master Quadratic line element is shown in Eq. 2.8-1:
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N
29 (1 ,0)
o - Master Nodes
e - Slave Nodes
3 e
1¢ (-1,0)

Figure 2-6: Master Quadratic Line Element
and shape functions for line element are:

7 -{1-%)

W, r==1 61+9) Eq. 2.8-1
22 )

788 21-¢9)

2.8.1.2.  Shape functions for master rectangular element
Master rectangular element is shown in Figure 2-7:
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Na
o - Master Nodes
e - Slave Nodes
4 7 3
@ * )
8¢ @ =
6 g
® o &
1 5 2

Figure 2-7: Master Rectangular Quadratic Element
and shape functions are:

e A-EA-m(E-n-1)

7 A+&HA-mE-n-1)

7, A+5HA+mME+n-1)

7| _1]A=HA+mE+n-1) Eq. 2.8:2
ge| 4 200-&*)1-m)

7 20+ 61-n%)

7 201 +1m)

7 20-&)1-n*)

2.8.1.3. Shape functions for master 3D rectangular quadratic
element

Master 3D rectangular element is shown in Figure 2-8:
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n
(-1,1,1) £ I 15 (1,1,1]:,;/'

14
o - Master Nodes
, 6 -7
(-1,-1,1) 5 (1,44,1) e - Slave Nodes
$20 ' |t 19
! N e ——bE
! 18
174 4y o ,------- D (1,1,-1)
- { 1 1,_1} 11 3 LS ]
1?.,
. 10
(-1,-1,-1) &= * & (1,-1,-1)
1 9 2

Figure 2-8: Master 3D Rectangular Quadratic Element
and shape functions are:

e A=-5HA-mA-O(=E-n-¢-2)
7 1+HA-A-OE-n-{ -2)
7 A1+ OA+MA-OE+17-{ -2)
e A=-5HA+mUA-O(E+1n-{-2)
7 A=-5HA-mA+O(E-n+{-2)
e A+ OHA-A+OE-n+{ -2)
7 A+ OHA+mA+OE+7+E-2)
e A=-HA+mA+O(E+n+{-2)
e 20-&H1-m1-4)
A 20-7°)1+&)1- )
7 20-EHA+mA-¢)

e, 20-7)A-E1-{)

v, 20-&HA-m+{)

v, 20-7*)1+E)1+¢)

v, 200-&HA+m1+¢)

v, 20-7)1-5H1+E)

78 20-HU-5HU-1)

v 201~ +E)1 1) £q. 283
v, 20-¢HA+EHA+1)

78 200-¢HA-EHA+1)
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2.9. Obtain Element Matrices and Equations

At this stage assume that the modeling of the problem has been completed. Let the
approximate function for a steady-state problem be written as:

i, (x,y,2) = N(x,y,2) *u, Eq. 2.9-1

where N(x,y,z) is referred to as the shape function. It is called shape function because

it contains not only the approximation made for state variables but also the coordinates
of the element nodes which define the shape function of the element. The shape
function can be written as:

N(x,y,2)=[N, N, .. N,] Eg. 2.9-2

where n represents the number of nodes of the element and N; is the shape function
corresponding to node i. Substituting equation (Eq. 2.4-10) into the equation (Eq. 2.9-1)
written for Q,, where the first term is often a quadratic form of u and its derivatives,

yields:
7, = [u!B" DBu,dQ, + [u] N" pdl Eq. 2.9-3
Q, r

Matrix B contains the shape function and its derivatives as well as the constitutive
relationships of the problem. Matrix D represents the physical parameters of the
domain, and p represents disturbances at the boundaries. Carrying out the integrations
(often numerically) results in the following matrix equation:

ku,+p,=0 Eq. 2.9-4

2.9.1. Linear Problem

For heat transfer described in previous chapter weak form of equation (Eq. 2.4-10)
combined with (Eq. 2.2-1) and without boundary conditions gives:

0w & OV dw. & OV
" ki 217 = )5 ok 2 T = 5) — 0dxd Eq. 2.95
i[ ax( 11; J ax ) ay( 22; j y ) (()Q] xdy q

9

This equation must hold for any weight function @ . Since we need n independent
equations to solve for the n unknowns, 7\, 7,, ..., T, , we choose n independent

algebraic equations to solve for w: w =y ,y;.... ;. For each choice of @ we obtain an
algebraic relation among (7,7, ,...,T,") . We label the algebraic equation resulting from
substitution of ¥ for @ into equation (Eq. 2.9-5) as the first algebraic equation. The i"
algebraic equation is obtained by substituting @ = y; into equation (Eq. 2.9-5):

Z} KiT; =0Qf Eq. 2.9-6
=
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where the coefficients K and Q; are defined by

: oy oY; . 9yl oY
K; k +k dxd Eq. 2.9-7
.[( 11 ax ax 22 ay ay ) X y q
O = [ Q! (x, y)dxdy Eq. 2.98
Qe

In matrix notation, equation (Eq. 2.9-6) takes the form

[K f]{Te}= {Q} Eq. 2.9-9

The matrix [K°] is called the coefficient matrix, or conductivity matrix. Equation (Eq.
2.9-9) is solved by {T°}.

2.9.2. Nonlinear problem
For nonlinear problem following equation will be replaced in equation (Eq. 2.4-10):
T()C, )’) + AT()C, )’) = Te(-x’ y) + ATe(x’ y) = ZY}EW?(X’ y) +ZA’T;‘//§(X’ )’) Eq' 2'9-10

j=1 j=l

substituting (Eqg. 2.9-10) into the (Eq. 2.4-10) without boundary conditions:

0= j[a“’{kn@re +ZAT€ iy 22 {anT“ ,}_

Eq. 2.9-11
a)Q(T + AT)]dxdy
where Q(T + AT) must be substituted with following equation:
00 _ QT +AT)-Q(T) 0Q
— = T+AT)=0Q(T +—AT Eq. 2.9-12
T AT = O( )=0(T) 3T q

The i algebraic equation is obtained by substituting @ = y; into equation (Eq. 2.9-11):
ST+ KAT: =0f +Y QAT Eq. 2.9-13

=] j=1 -

where K; and Qf are defined by equations (Eqg. 2.9-7) and (Eq. 2.9-8) and:

Q; = j Q'Y (x, Y)Y (x, y)dxdy Eq. 2.9-14

In mat;ix notation, equation (Eq. 2.9-13) takes the form

— o MAT }={o* }- 1k UT) Eq. 2.9-15

The matrix [K°] is called the coefficient ma